Let K be a nonarchimedean local field, let L be a separable quadratic extension of K , and let h denote a nondegenerate sesquilinear form on L 3 . The Bruhat-Tits building associated with SU 3 .h/ is a tree. This is applied to the study of certain groups acting simply transitively on vertices of the building associated
Introduction
Let L be a nonarchimedean local field, and let 1 L denote the Bruhat-Tits building of type Q A 2 associated with SL.3; L/ (see, for example, [Ro, §9.2] , [Br, §V.8] or [Ste] ). Now suppose that L is a separable quadratic extension of a local field K . Let q be the order of the residual field of K . Let h denote a nondegenerate sesquilinear form on L 3 , and let SU 3 .h/ denote the group of 3 ð 3 matrices g of determinant 1 with entries in L which preserve h. The nontrivial Galois automorphism of L over K induces a non-type-preserving automorphism ¦ of 1 L . This gives rise to a tree T , as follows. The vertex set of T is the union of two disjoint sets, 3 0 and 3 1 , consisting, respectively, of the vertices of 1 L fixed by ¦ and of the pairs of adjacent vertices of 1 L interchanged by ¦ . The edges of T correspond to the chambers of 1 L fixed by ¦ . That is, v 0 2 3 0 and v 1 2 3 1 are adjacent in T if the vertex of 1 L corresponding to v 0 and the two vertices of 1 L corresponding to v 1 form a chamber of 1 L .
More precisely, the following result is well-known [Ti] :
c 1998 Australian Mathematical Society 0263-6115/98 $A2.00 + 0.00 THEOREM 1.1. With the above notation, the set 3 0 [ 3 1 , together with the above adjacency relation, forms a tree T . This tree is homogeneous of degree q C1 when L is a ramified extension of K , and is bihomogeneous when L is an unramified extension of K , each v 2 3 0 having q 3 C 1 neighbours, and each v 2 3 1 having q C 1 neighbours.
It is isomorphic to the Bruhat-Tits building associated with SU 3 .h/.
This theorem is well-known (though we do not know of a complete proof in the literature) so we shall not prove it here. In Section 2, we recall the well-known concrete description of 1 L in terms of lattices. This gives us a lattice description of T . In Section 3, we use this description to help us obtain a better realization of certain subgroups 0 of PG L.3; F/, F D Q 3 or F 3 ..X//, described in [CMSZ] which act simply transitively on the vertices of 1 F . In particular, certain pairs of these groups 0 are commensurable in PG L.3; F/, and the commensurability index is explained in terms of the groups' action on the tree T (for suitable K , L and h). Note that the groups 0 have property .T / [CMS] , and so must have subgroups of index at most 2 which fix a vertex of T (see [HV, Proposition 6.4] ). Location of this vertex is an important step in obtaining the realizations referred to above.
We would like to thank Robert Kottwitz for helpful discussions we have had with him concerning this paper and also Joe Buhler and Michael Drinen for carrying out some norm calculations related to our earlier study of Groups 7.1 and 8.1. 
The tree of SU
A chamber in 1 L consists of three vertices, any two of which are adjacent.
Taking the usual basis of L
for if L is the lattice (2.1), and if g is the matrix whose columns are 
of L 1 =³L 1 . These neighbours of v 1 form a projective plane, with incidence being
We shall assume that 0 2 A. Let us take L 1 to be the L 0 of
Now suppose that L is a separable quadratic extension of a local field K , and that the valuation on K is the restriction of the valuation ! on L.
There are two cases (see, for example, [Cas, p. 127] 
.b/ h.y; x/ D h.x; y/ for each x; y 2 L 3 ; .c/ if y 6 D 0, the linear map in (a) is not the zero map. 
, we see that ¦ preserves adjacency, and maps chambers to chambers. Now suppose that ¦ stabilizes a chamber. Then it must fix one of the vertices (the one of type i , where 2i D !.det.H // mod 3) and interchange the other two vertices of the chamber. This motivates the following definitions:
Let
and let 
Thus we may work with lattices rather than lattice classes.
Application to some Q A 2 groups
An Q A 2 group is a group which acts simply transitively and in a type-rotating way on the set of vertices of a thick building 1 of type Q A 2 (see [CMSZ] ). Amongst the results of [CMSZ] , all Q A 2 groups were found for the case when 1 was the building In this section, we show how the building T of SU 3 .h/ was used to understand better the relationship between these groups. First of all, some pairs of these of groups 0, 0 0 were realized as commensurable subgroups of PG L.3; F/ as follows. Suppose that the natural (see [CMSZ] 
2 2 L, we can regard the matrices representing the elements of our groups as elements of U .h/.
These matrices are determined only up to multiplication by elements a C bS 2 Q.S/
, these groups act on the tree T of Theorem 1.1, which is homogeneous of degree 3 in this case. Because of the 2's in the denominators of some of the a j 's and b j 's, the groups 0 did not fix L 0 . However, starting from L 0 , and using the matrices (2.3) and (2.4), it was easy to move around the vertices at a small distance from L 0 , and a vertex was found at distance 3 from L 0 which was fixed by all five 0's. Conjugating these groups by a suitable matrix, the groups were all realized in G. Z[1=3] /, where G is the projective unitary group with respect to the form y Ł H x, where
The matrices a 6 and f generating Q 0 4:1 are now
Now consider the action of G.Q/ on 1 Q3 . It is easy to calculate the stabilizer 
and f is as above. These generators, with the relations
We obtain generators b 0 ; : : : ; b 12 and f 0 for Q 
3 , ga 11 D a 10 g 6 and ga 12 D a 0 g 6 . The situation is summarized by the diagram in Figure 1 . 
L is a normal extension of Q of degree 6 over Q. Let ' generate the Galois group of
The algebra A has an involutive semilinear anti-automorphism 
As explained below, the anti-automorphism Q is not quite suitable for our needs, and will be modified below, giving us the anti-automorphism Ł .
Consider the following basis of Q.Â; S/ over Q.S/: f¾ 0 ; ¾ 1 ; ¾ 2 g D f1; Â; Â 2 g. The dual basis (with respect to Trace : Q.Â; S/ ! Q.S/) is
Form the 3 ð 3 matrix Q whose .i; j / entry is ' j .¾ i / for i; j D 0; 1; 2. Then Q 1 has .i; j / entry ' i .Á j / for each i; j . Now let w denote an element satisfying w 3 D w 2 C 1 in some extension of Q. Let
where ' denotes the extension to an automorphism of L 0 over K 0 of the automorphism ' of L over K ; we also map ¦ to
0 is mapped to the matrix with .i; j / entry Trace.¾ i xÁ j /, and ¦ is mapped to the matrix with .i; j / entry Trace.¾ i w'.Á j // for i; j D 0; 1; 2. The semilinear antiautomorphism Q extends to a semilinear anti-automorphism of A Â K 0 , semilinear now referring to the extension to an automorphism − of L 0 over Q.Â; w/ of the automorphism − of L over Q.Â/. By the Skolem-Noether Theorem [We, p. 166] , this anti-automorphism corresponds to an anti-automorphism
Ł is obtained from M by applying − to each entry of the transpose of M. In fact, a simple calculation shows that P must be a multiple of 0
Unfortunately, this matrix is not positive definite. So if G denotes the projective unitary group associated with Q, which we regard as defined over Q, then G.R/ is not compact.
So we must replace Q by another involutive semilinear anti-automorphism. Again by the Skolem-Noether Theorem, this must be of the form
2 , where a; b; c 2 Q.Â/. A little experimentation led to the choice
The anti-automorphism ¾ Ł D u Q ¾ u 1 corresponds as above to the anti-automorphism 
for ¾ in either algebra, regarding ¾ as a 3 ð 3 matrix with entries in Q.S; w/ for ¾ 2 A Â , and with entries in Q.S; Þ/ (see [CMSZ, p. 193] we obtain an element a 12  60  24  54  72  12  36  36  63  4  20  2  12  12  4  6  24  33  18  36  6  24  36  24  6  24  27  30  56  0  20  32  24  4  56  9  132  168 24  48  192  96 114 120  63  36  72  6  36  60  48  24  48  45  114  198  30  114 168  96  66  114  279  24  72  12  24  60  24  6  60  117  42  60  24  48  12  132  30  48  207  42  54  6  12  48  36  24  36  57  60  132  30  48  120  24  24  84  135  12  30  6  12  24  24  6  42  9  48  90  24  12  84  24  24 66 27
It is convenient to multiply a 1 ; a 2 ; a 7 and a 10 by .S C 11/=12. This ensures that all the a j 's have entries in Z 3 , when S and w are regarded as 3-adic numbers (S being chosen so that S Á 1 mod 3). Moreover, the 3-adic valuation of each of the a j 's is 2, so that if The situation is therefore rather more complicated than in the case of Groups 4.1 and 5.1, say. We now use the tree T associated with Q 23 . p 23/ to show that we cannot simplify the embeddings.
p 23/ is a ramified extension of Q 23 , T is homogeneous of degree 24. The group G defined above acts on T . For if Þ 2 Aut.A Â / and 
One may verify that 0 7:1 fixes M 2 (and therefore also M 0 2 ), and hence the vertex .
Then L 3 2 3 0 is a neighbour of .M 2 ; M 0 2 / in T , and is fixed by 0 8:1 .
Moreover, 0 7:1 acts transitively on the 24 neighbours of .M 2 ; M 0 2 /. Indeed, the 24 elements f1; a 0 ; a 1 ; a 2 ; a 3 ; a 4 ; a 5 ; a 6 ; a 7 ; a 9 ; a 10 ; a See also [Hum, Section 27.4] ; the fact that f is not induced from an automorphism involving the nontrivial Dynkin diagram automorphism may be deduced, for example, from the fact that A Â admits no (linear) anti-automorphism. For let A Here ' is a generator of the Galois group of F 27 .P/ over F 3 .P/; if we think of F 27 as F 3 .Â/, where Â 3 D Â C 1, then we can assume that '.Â/ D Â C 1 and '.P/ D P. We regarded F 3 .P/ as a quadratic extension of 
Let K denote the completion of F 3 .R/ with respect to the valuation associated with the irreducible polynomial R 2 C 1. Thus q D 9, and we can take 
and the associated tree is homogeneous of degree 10. One may readily check that Q One may verify that Group 2.1 acts transitively on the 10 neighbours of u. Indeed, the elements 1, a 1 , a 2 , a 3 , a 4 , a 7 , a 11 , a
